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SECOND–ORDER LINEAR CONSTANT COEFFICIENT DYNAMIC
EQUATIONS WITH POLYNOMIAL FORCING ON TIME SCALES
DOUGLAS R. ANDERSON
Abstract. A general solution for a second-order linear constant coefficient dynamic equation with
polynomial forcing on time scales is given.
1. polynomial forcing of second-order ordinary dynamic equations with
constant coefficients
Recall that polynomials on time scales [1] are defined via h0(t, a) ≡ 1 and recursively for k ∈ N
by
hk(t, a) =
∫ t
a
hk−1(τ, a)∆τ.
We have the following result.
Theorem 1.1 (Constant Coefficients with Polynomial Forcing). Let a ∈ T and α, β ∈ R. A general
solution of the second-order linear constant coefficient equation with polynomial forcing
y∆∆ + 2αy∆ + βy =
k∑
i=0
γihi(·, a), γi ∈ R, (1.1)
with β 6= 0, β 6= α2, and 1− 2αµ+ βµ2 6= 0 is given by
y(t) = c1eλ1(t, a) + c2eλ2(t, a) +
k∑
i=0
ξihi(t, a), (1.2)
where λ1 = −α−
√
α2 − β, λ2 = −α +
√
α2 − β, ξk−1 =
1
β
(
γk−1 −
2α
β
γk
)
, ξk =
1
β
γk,
ξi = ω1λ
i
1 + ω2λ
i
2 +
i−1∑
τ=0
τ−1∑
s=0
γsλ
i+s−2τ
1 β
τ−1−s for i ∈ {0, · · · , k − 2},
2000 Mathematics Subject Classification. 34N05, 26E70, 39A10.
Key words and phrases. Ordinary difference equations; ordinary dynamic equations; inhomogeneous equations;
time scales; reduction of order.
2 ANDERSON
and

ω1
ω2

 = 1
2βk−1
√
α2 − β

 λk2 −λk−12
−λk1 λ
k−1
1




1
β
(
γk−1 −
2α
β
γk
)
−
k−2∑
τ=0
τ−1∑
s=0
γsλ
k−1+s−2τ
1 β
τ−1−s
1
β
γk −
k−1∑
τ=0
τ−1∑
s=0
γsλ
k+s−2τ
1 β
τ−1−s

 .
Proof. By the theory of linear dynamic equations [3, Theorem 3.16], a general solution of (1.1) has
the form
y(t) = c1eλ1(t, a) + c2eλ2(t, a) + yd(t) (1.3)
for
λ1 = −α−
√
α2 − β and λ2 = −α +
√
α2 − β, (1.4)
where the time scale exponential functions eλ1(·, a) and eλ2(·, a) are solutions of the corresponding
homogeneous equation
y∆∆ + 2αy∆ + βy = 0,
and yd is a particular solution of the inhomogeneous equation (1.1). Here y1 = eλ1(·, a) and y2 =
eλ2(·, a) are linearly independent since their Wronskian
W (y1, y2) = y1y
∆
2 − y
∆
1 y2 = (λ2 − λ1)y1y2 = 2
√
α2 − β eλ1⊕λ2(·, a) = 2
√
α2 − β e(−2α+µβ)(·, a)
is well defined due to the regressivity assumption 1 − 2αµ + βµ2 6= 0 and is never zero on T. We
guess that a particular solution yd has the form
yd =
k∑
i=0
ξihi(·, a), ξi ∈ R.
Then
y∆d =
k−1∑
i=0
ξi+1hi(·, a) and y
∆∆
d =
k−2∑
i=0
ξi+2hi(·, a).
Plugging into (1.1) and solving for the coefficients we have
ξk−1 =
1
β
(
γk−1 −
2α
β
γk
)
and ξk =
1
β
γk, (1.5)
while the rest of the coefficients ξi satisfy the second-order linear constant coefficient difference
equation with forcing given by
ξi+2 + 2αξi+1 + βξi = γi, i = 0, . . . , k − 2. (1.6)
SECOND–ORDER LINEAR EQUATIONS 3
The preceding difference equation (1.6) has the solution [2, Section 4]
ξi = ω1λ
i
1 + ω2λ
i
2 +
i−1∑
τ=0
τ−1∑
s=0
γsλ
i+s−2τ
1 β
τ−1−s
where λ1 and λ2 are given in (1.4) above. Using the terminal conditions in (1.5) and simple linear
algebra we have

ω1
ω2

 = 1
2βk−1
√
α2 − β

 λk2 −λk−12
−λk1 λ
k−1
1




1
β
(
γk−1 −
2α
β
γk
)
−
k−2∑
τ=0
τ−1∑
s=0
γsλ
k−1+s−2τ
1 β
τ−1−s
1
β
γk −
k−1∑
τ=0
τ−1∑
s=0
γsλ
k+s−2τ
1 β
τ−1−s

 .
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